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Robustness Analysis of Nonlinear Flight Controllers
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Cambridge University, Cambridge, England CB2 1PZ, United Kingdom

The development of robustness analysis tests is presented for quasi-linear-parameter-varying models in the
presence of time-varying, parametric uncertainty. The tests are applied for the robustness analysis of nonlinear
dynamic inversion control laws giving sufficient conditions for assessing the nonlinear system’s performance in
the presence of bounded disturbances and uncertainty. The tests are formulated as linear minimisation problems
subject to linear matrix inequality constraints and solved by using a gridding procedure. A detailed example is
presented in which two nonlinear dynamic inversion control laws for the short-period dynamics of an aircraft are
analysed and compared.

I. Introduction

T HE application of nonlinear dynamic inversion techniques in
flight control has been popular in recent years.1−4 This design

technique uses the information about the nonlinear dynamics of the
aircraft in the process of designing the control law. The resulting
nonlinear controller is valid for the whole of the flight envelope with-
out having the need to apply gain scheduling techniques between
for example various linear controllers.

Other attractive features of this design technique are as follows:
1) the decoupling of the chosen variables to be controlled after the
inversion is applied, which allows the decoupling of the longitudi-
nal from the lateral dynamics at high-angle-of-attack flight5; 2) the
independent assignment of closed-loop dynamics on each output
channel6; and 3) the simplicity in designing the controller and the
simple structure of the controller, which is based on state feedback
and allows the designer to have an insight on how the controller be-
haves. The theoretical background on nonlinear dynamic inversion
(NDI) or feedback linearization is addressed in Ref. 7. The applica-
tion of NDI is demonstrated on the following nonlinear, single-input
single-output system:

ẋ = f (x) + g(x)u, x ∈ R
n (1)

y = h(x) (2)

The output to be controlled y is differentiated until the input appears
explicitly in the expression

ẏ = ∂h

∂x
ẋ = ∂h

∂x
f (x) + ∂h

∂x
g(x)u (3)

Assuming that the inverse of (∂h/∂x)g(x) exists for all x ∈ R
n , the

use of the state feedback

u =
[

∂h

∂x
g(x)

]−1[
v − ∂h

∂x
f (x)

]
, (NDI inner loop) (4)

results in an integrator response from the external input v to
the output y. Using either one of the linear, outer-loop control
laws

v = ωy(ydem − y), v = ωy ydem − 2ωy y + ω2
y

∫ t

0

(ydem − y) dt

(5)
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results in the following input-output response:

ẏ + ωy y = ωy ydem (6)

Although the input-output response is feedback linearized, there
exist certain dynamics that are unobservable at the output and exhibit
nonlinear behavior. These are called zero dynamics and constitute a
limitation of NDI because for example they end up being unstable
when NDI is applied to nonminimum phase systems.8

The main disadvantage of NDI is that it does not provide a priori
any robustness guarantees for the closed-loop system, thus making
the flight clearance procedure a crucial step in the development of the
control law. The clearance procedure demonstrates to the aviation
authorities that a control law will function in a satisfactory way for
a given flight envelope and in the presence of failure conditions
and uncertainty. Major sources of uncertainty in modeling rigid
aircraft dynamics are caused by 1) variations in parameters such as
the mass and the moments of inertia resulting from different store
configurations, and 2) uncertainty in the aerodynamic data resulting
from a lack of knowledge regarding the effects of the nonlinear
unsteady aerodynamics.

Most analysis techniques for NDI flight control laws are based
on linear methods. The methodology is to linearize the nonlinear
closed-loop system at various points in the flight envelope and ap-
ply linear methods to investigate the robustness of the control law.
Such a procedure is presented in Ref. 9, where the robustness is
investigated using gain and phase margins. The procedure can be
tedious because it must be applied to all channels and for a significant
number of trim points that span the flight envelope. Another linear
analysis method is µ-analysis,10 which can naturally address the
issue of parametric uncertainty, that is, uncertainty in aerodynamic
coefficients, mass, and moments of inertia. A recent linear analysis
technique is based on the robust stability margin bP,C , which is a
consequence of theH∞ loop-shaping procedure.11,12 This technique
was used in Ref. 13 for the frozen-point analysis of an NDI control
law for the longitudinal rigid-body dynamics of the Harrier. It was
shown in Ref. 14 how to interpret the robust stability margin bP,C in
terms of criteria, which are currently used for the clearance of flight
control laws.

The nonlinear nature of an NDI control law has motivated the
examination of its stability properties in the nominal case, which
amounts to checking the stability of the nonlinear zero dynamics.
The authors of Ref. 15 examine the application of an inversion
law on a bank-to-turn air-to-air missile. The nominal stability of an
equilibrium point of the closed-loop dynamics is established using
Lyapunov analysis. In Ref. 16 the authors characterize the nominal
stability for a generic, pitch-axis, aircraft model in terms of certain
conditions on the aerodynamic coefficients of the aircraft. Also the
robust stability of the zero dynamics with respect to uncertainty in
the aerodynamic coefficients is investigated. The authors assume
no uncertainty on the pitch-moment coefficients, which allows the
decoupling of the controlled dynamics from the zero dynamics. It is
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the first result obtained on the robustness analysis of an NDI control
law.

The nonlinear analysis of NDI control laws was further facilitated
with the use of quasi-linear-parameter-varying (LPV)17 models to
approximate the nonlinear aircraft dynamics and with the develop-
ment of numerous analysis techniques for LPV models. LPV models
are linear models the state-space matrices of which depend on exter-
nal, time-varying parameters, whereas in quasi-LPV models those
parameters are allowed to be endogenous, that is, states of the sys-
tem. Thus, the quasi-LPV framework allows the representation both
of the nonlinear effects and of any parametric uncertainty. The two
main tools in the analysis of LPV models are based on quadratic
Lyapunov functions and parameter-dependent Lyapunov functions.
A quadratic Lyapunov test is used in Ref. 18 for the robustness anal-
ysis of a missile autopilot designed with NDI. The authors examine
robust stability with respect to uncertainty in the aerodynamic coef-
ficients of the missile. A less conservative but more computationally
expensive test was applied in Ref. 13 by using parameter-dependent
Lyapunov functions. The authors analyzed and compared the ro-
bustness of several NDI control laws for the short-period dynamics
of the Harrier.

An indicative analysis technique sometimes used for the closed-
loop quasi-LPV system is to assume the scheduling variables are
in fact bounded, exogenous variables. Such analysis will only be
rigorous if it can be separately ensured that the scheduling variables
remain within their assumed bounds. So the need arises to associate
the range of the endogenous scheduling variables over which the
analysis test is performed with the size of the external signals, which
for closed-loop systems will be the reference commands on the
controlled outputs. This will lead to local results for the analysis
of the stability and performance of nonlinear systems under time-
varying parametric uncertainty, which is the main contribution of
this work.

The material in this paper will be presented in the following
sections:

1) Section II will present a procedure for deriving a quasi-LPV
model about an equilibrium point of the original, nonlinear system.

2) Section III will briefly present the notion of quadratic Lyapunov
functions and their use in assessing the stability and performance of
LPV models.

3) Section IV will present the tests for assessing the robust per-
formance and robust stability of a quasi-LPV model with respect to
time-varying, parametric uncertainty.

4) Section V will present the analysis and comparison of two NDI
control laws for the short-period dynamics of an F/A-18 aircraft.

II. Procedure for Deriving Quasi-LPV Models
The closed-loop nonlinear system must be written as a quasi-LPV

model to apply the robustness tests. A technique for transforming a
nonlinear model into a quasi-LPV model was proposed in Ref. 19,
which relies on the existence of a family of equilibrium points that is
parameterized by the scheduling variables. The procedure proposed
here only deals with a single equilibrium point of the nonlinear
system:

ẋ = f (x) +
nu∑

i = 1

gi (x)ui , x ∈ D ⊂ R
n, u ∈ R

nu (7)

y = h(x), y ∈ R
ny (8)

The vector fields f (x), h(x), and gi (x) are rational functions of
x (element wise). It is assumed that there exists a unique equi-
librium point (x0, u0) associated with the nonlinear system that
satisfies

f (x0) +
nu∑

i = 1

gi (x0)u0i = 0, x0 ∈ D (9)

y0 = h(x0) (10)

The first step in obtaining the quasi-LPV model is to subtract the
equilibrium condition from the original nonlinear equations. Sub-
tracting Eq. (9) from Eq. (7) results in

ẋ = f (x) − f (x0) +
nu∑

i = 1

[
gi (x)ui − gi (x0)u0i

] ⇒ ẋ = f (x)

− f (x0) +
nu∑

i = 1

{
gi (x)

(
ui − u0i

) + [gi (x) − gi (x0)]u0i

}
(11)

The next step is to decompose the rational functions as

f (x) − f (x0) = F(x, x0)(x − x0), F(x, x0) ∈ R
n × n (12)

[gi (x) − gi (x0)]u0i = Gi (x, x0)u0i (x − x0)

Gi (x, x0) ∈ R
n × n, i = 1, . . . , nu (13)

This creates new state variables, which are the deviations of the ac-
tual states from their equilibrium values, and new input variables,
which are the deviations of the actual inputs from their equilibrium
values. It was shown in Ref. 20 that this decomposition is not unique
when n > 1. As an example of the nonuniqueness of this decompo-
sition, consider

2x1x2 − 2x10 x20 = [
2x2 2x10

] [
x1 − x10

x2 − x20

]

= [
2x20 2x1

] [
x1 − x10

x2 − x20

]
(14)

Substituting Eqs. (12) and (13) back in Eq. (11), we get

ẋ =
[

F(x, x0) +
nu∑

i = 1

Gi (x, x0)u0i

]
(x − x0) +

nu∑
i = 1

gi (x)(ui − u0i )

(15)
Following the same steps with the output equation will result in

y − y0 = H(x, x0)(x − x0) (16)

By redefining the variables as �x = x − x0, �ui = ui − u0i , and
�y = y − y0, we have

�ẋ =
[

F(x, x0) +
nu∑

i = 1

Gi (x, x0)u0i

]
�x +

nu∑
i = 1

gi (x)�ui (17)

�y = H(x, x0)�x (18)

The derivation of the quasi-LPV model involves no loss of infor-
mation regarding the nonlinear dynamics and is associated with the
equilibrium point (x0, u0). It is shown in Ref. 21 that the frozen,
quasi-LPV model which is obtained by setting x = x0 in Eqs. (17)
and (18) is the same as the linear model that would have been ob-
tained from a Taylor-series expansion of the nonlinear equation (7)
about its equilibrium point (x0, u0). When freezing the state of the
quasi-LPV model at its equilibrium value, the signals �x, �u, and
�y become small deviations of the respective variables from their
equilibrium values.

The proposed procedure allows all of the state variables to be
scheduling variables as opposed to the procedure in Ref. 19, which
only considers the scheduling variables to be a subset of the state
vector and furthermore restricts the scheduling variables to be the
controlled outputs. Subsequently the procedure in Ref. 19 deals only
with output-nonlinear systems whose state-space representation is
given by [

ż

ẇ

]
= f (z) + A(z)

[
z

w

]
+ B(z)u (19)
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On the other hand, the procedure in Ref. 19 allows the repre-
sentation of the nonlinear dynamics over a family of equilibrium
points that is parameterized by the scheduling variable z, which is
more advantageous than the procedure proposed in this paper, which
considers the nonlinear dynamics about a single equilibrium point.

The proposed method was initially introduced in Ref. 22, and in
Ref. 23 it was applied on the nonlinear model of Eq. (19), where
greater detail has been given on how to apply the decomposition
of the nonlinear functions after the subtraction of the trim point
condition from the original nonlinear equations.

The proposed technique was applied in Ref. 21 for the develop-
ment of a quasi-LPV model for the short-period dynamics of an
F/A-18 aircraft.

III. Quadratic Lyapunov Functions
for the Analysis of LPV Models

Lyapunov functions are used for the stability analysis of nonlinear
systems using Lyapunov’s stability theorem,24 which gives a suffi-
cient condition for testing the asymptotic stability of the equilibrium
point of a nonlinear system, and it provides a means of calculating
a region that is a subset of the region of attraction. One procedure
to find a Lyapunov function V (x) is to choose a Lyapunov function
candidate with free parameters and adjust those parameters to sat-
isfy V (x) > 0 and V̇ (x) < 0. An example is the quadratic Lyapunov
function V (x) = xT Px, where a positive-definite symmetric matrix
P is sought to satisfy

V̇ (x) = ẋT Px + xT P ẋ < 0 (20)

Quadratic Lyapunov functions are widely used in the stability and
performance analysis of LPV systems under the name of quadratic
stability.25

Definition 2.1 (LPV system26): Given a compact subset P ⊂ R
s ,

the parameter variation set FP denotes the set of all piecewise con-
tinuous functions mapping time into P with a finite number of
discontinuities in any interval. Given P ⊂ R

s , the continuous func-
tions A : R

s → R
n × n , B : R

s → R
n × nd , C : R

s → R
ne × n , and

D : R
s → R

ne × nd represent an nth-order, LPV system, whose dy-
namics evolve as[

ẋ

e

]
=

[
A(ρ(t)) B(ρ(t))

C(ρ(t)) D(ρ(t))

][
x

d

]
, where ρ(t) ∈ FP (21)

For any ρ(t) ∈ FP , the causal, linear operator Gρ is defined by

e(t) = Gρ(d)(t) :=
∫ t

0

C(ρ(τ ))�ρ(t, τ )B(ρ(τ ))d(τ ) dτ

+ D(ρ(t))d(t) (22)

where �ρ(t, t0) is the state-transition matrix.
Definition 2.2 (quadratic stability): The undriven LPV sys-

tem ẋ = A(ρ(t)) x is quadratically stable over P if there exists a
P ∈ R

n × n , P = PT > 0 such that

AT (ρ)P + P A(ρ) < 0, ∀ρ ∈ P (23)

Because A depends continuously on ρ∈ P and P is compact, con-
dition (23) implies that for any ρ(t) ∈ FP ,

V̇ (x) = xT [AT (ρ(t))P + P A(ρ(t))]x < 0 (24)

which further implies26 that for any ρ(t) ∈ FP there exist positive
constants k and γ such that

‖�ρ(t, t0)‖ ≤ ke−γ (t−t0), ∀t ≥ t0 (25)

It is shown in Ref. 24 that condition (25) is equivalent to the equi-
librium point x = 0 of the undriven LPV system being uniformly
asymptotically stable for any ρ(t) ∈ FP . The performance of a
quadratically stable LPV system is examined using the L2-induced
gain from inputs to outputs.

Definition 2.3 (L2-induced gain of an LPV system26): For the
quadratically stable LPV system of Eq. (21) with zero initial condi-
tions, the L2-induced gain is defined as

sup
ρ(t) ∈ FP

sup
d ∈L2

‖e‖2

‖d‖2
(26)

It signifies the largest energy gain from inputs to outputs over all
of the allowable parameter trajectories. It is used as a measure of
performance because it can place an upper bound on the energy of a
performance output in response to excitation from either a reference
input or an external disturbance. The following theorem from Ref. 26
gives a sufficient condition in terms of an linear matrix inequality
(LMI) for bounding the L2-induced gain of an LPV system.

Theorem 2.1 (bound on the L2-induced gain of an LPV system):
The LPV system in Eq. (21) with D(ρ(t)) = 0 is quadratically stable
and its L2-induced gain is less than γ if there exists a P = PT > 0
such that[

AT (ρ)P + P A(ρ) + CT (ρ)C(ρ) P B(ρ)

BT (ρ)P −γ 2 I

]
< 0, ∀ρ ∈ P

(27)
The LMI in Eq. (27) is a consequence of the search for a Lyapunov
function V (x) = xT Px so that

V̇ (x) + eT e − γ 2dT d < 0

∀x, d satisfying Eq. (21) with x(0) = 0 (28)

For a quasi-LPV model the matrices A(), B(), C() will also be
functions of the endogenous scheduling variables, which will be
assumed a priori to vary in a given range. In that case we need an
indication of whether the trajectory of the scheduling variables will
remain in that range for a reference input of a given size. This leads
to the notion of a set of reachable states for the LPV system in
Eq. (21) and of ways to bound this set using ellipsoids.

Definition 2.4 (set of reachable states25): The set of reachable
states of the LPV model in Eq. (21) under unit-energy inputs is
given by all x(T ) that satisfy

ẋ = A(ρ(t))x + B(ρ(t))d

ρ(t) ∈ FP , x(0) = 0,

∫ T

0

dT d dt ≤ 1 (29)

Suppose there exists a Lyapunov function V (x) = xT Px and a real
number c that satisfy

V̇ (x) ≤ c2dT d, ∀x, d that satisfy Eq. (29) (30)

Integrating from 0 to t where 0 < t ≤ T , we get

xT (t)Px(t) ≤ c2

∫ t

0

dT d dt ≤ c2

∫ T

0

dT d dt ≤ c2 (31)

This implies that for any T > 0 and any unit-energy input the set
of reachable states is contained in the ellipsoid E(P, c), where the
ellipsoid is defined as

E(P, c) := {x ∈ R
n : xT Px ≤ c2} (32)

Next we will extend the results of this section to characterize the
robust stability and robust performance of quasi-LPV models.

IV. Robustness Analysis of Quasi-LPV Models
Uncertain, quasi-LPV models can be obtained from LPV models

by considering

ρ(t) = [xT (t) δT (t)]T (33)

The parameter vectorρ(t) is separated in the endogenous scheduling
variables x(t) that capture the nonlinear behavior and the external
uncertain parameters δ(t) that describe the uncertainty.
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A. Robust Stability of Quasi-LPV Models
The notion of quadratic stability can be used to examine the local

stability of the equilibrium point of the undriven, uncertain, quasi-
LPV model,

ẋ = A(x(t), δ(t)) x, x ∈ D ⊂ R
n, δ(t) ∈ F� (34)

The sets F� and ∆ have the same meaning as those in definition 2.1
but are now referring to the uncertain parameters. Because x(t) is a
priori required to vary in a domain D, the quadratic stability result
will have to be local and be interpreted in the form of a region of
attraction of the equilibrium point.

Theorem 3.1 (robust stability of a quasi-LPV model): The equilib-
rium point of the undriven quasi-LPV model in Eq. (34) is asymp-
totically stable for any δ(t) ∈ F�, if there exists P = PT > 0 such
that

AT (x, δ)P + P A(x, δ) < 0, ∀x ∈ D, ∀δ ∈ ∆ (35)

A subset of the region of attraction is given by the ellipsoid
E(P, c) provided that the positive real number c is chosen to satisfy
E(P, c) ⊂ D.

The proof is given in the Appendix as the proof of the first part
of theorem 3.3. The condition E(P, c) ⊂ D can be expressed as an
LMI (see Ref. 25) if D is a polytope given by

D = {
x ∈ R

n : aT
k x ≤ 1, k = 1, . . . , q

}
(36)

The condition for stability (35) results in an infinite number of con-
straints on the symmetric matrix P . To make it numerically tractable,
it is necessary to grid over the uncertain parameter space ∆ and the
domain D. When the matrix A(x, δ) is an affine function of the pa-
rameter vector δ and ∆ is a convex set, the gridding procedure over
∆ can be avoided. Let the uncertain parameter region ∆ be given
by the convex set

∆ = {δ : δ j ∈ [δ j , δ̄ j ], j = 1, . . . , s} (37)

This results in an uncertain parameter region with a finite number of
corners (2s). Let ∆0 be the set of corners of this region. The follow-
ing theorem about affine, parameter-dependent models is presented
in Ref. 27.

Theorem 3.2: For x0 ∈ D, let A(x0, δ) be an affine function of the
parameter vector δ ∈∆ with ∆ a convex set. Then,

A(x0, δ)T P + P A(x0, δ) < 0, ∀δ ∈ ∆

⇔ A(x0, δ)T P + P A(x0, δ) < 0, ∀δ ∈ ∆0 (38)

The dependence of the matrix A on the state variable x is likely to
be nonaffine because it describes the nonlinearities of the model. So
the gridding of the domain D is not avoided, but usually the number
of the scheduling variables (angle of attack, altitude, and speed) will
be less than the external, uncertain parameters (aerodynamic coeffi-
cients, moments of inertia, mass), and hence a significant reduction
in the number of LMIs is achieved.

B. Robust Performance of Quasi-LPV Models
Given the uncertain, quasi-LPV model,

ẋ = A(x, δ(t)) x + B(x, δ(t))d, x(0) = 0

e = C(x, δ(t)) x, δ(t) ∈ F�, x ∈ D (39)

the performance analysis problem is formulated in two consecutive
steps:

1) Bound on the scheduling variables: Calculate the maximum
L2 norm of the external input d for which it is guaranteed that the
state remains in a given region D̂ ⊂ D for any δ(t) ∈ F�.

2) Bound on the L2-induced gain: For that class of external inputs
and that amount of parametric uncertainty, calculate an upper bound
on the L2-induced gain from the external input d to the output e.

The preceding formulation of the robust performance problem of
a quasi-LPV model and its solution using theorems 3.3 and 3.4 is
the main contribution of this work.

Theorem 3.3 (bound on the scheduling variables): Regarding
the uncertain quasi-LPV system of Eqs. (39), if there exists a
P = PT > 0 such that[

AT (x, δ)P + P A(x, δ) P B(x, δ)

BT (x, δ)P −I

]
< 0

∀δ ∈ ∆, ∀x ∈ D̂ ⊂ D (40)

and if there exists a c > 0 such that E(P, c) ⊂ D̂, then for any un-
certain parameter δ(t) ∈ F�, 1) the ellipsoid E(P, c) is a subset
of the region of attraction of the undriven, uncertain, quasi-LPV
model ẋ = A(x(t), δ(t)) x; and 2) every trajectory of Eqs. (39) with
x(0) = 0 and for any input d that satisfies ‖d‖2

2 < c2 is guaranteed to
stay in E(P, c) and hence in D̂.

Condition (40) is a parameter-dependent LMI that can be made
numerically tractable by the gridding of D̂ and by the convexity ar-
gument of theorem 3.2. The condition E(P, c) ⊂ D̂ can be written
as an LMI in P and 1/c2. Given the size of D̂, we would like to
calculate the “largest” set of external inputs for which it is guaran-
teed that the state remains in D̂. Thus, the problem of calculating
the maximum energy of the external input is formulated as a mini-
mization of a linear cost function subject to LMIs and can be solved
efficiently using the LMI toolbox.28 It is assumed that the region D̂
is a symmetric region about the equilibrium point x = 0 with respect
to each state, and the optimization problem is solved for increas-
ing sizes of D̂. The problem of calculating an upper bound on the
L2-induced gain is addressed in the following theorem.

Theorem 3.4 (bound on the L2-induced gain): Given c as the
solution of the problem in theorem 3.3, if there exists a P = PT > 0
and γ > 0 such that[

AT (x, δ)P + P A(x, δ) + CT (x, δ)C(x, δ) P B(x, δ)

BT (x, δ)P −γ 2 I

]
< 0

∀δ ∈ ∆, ∀x ∈ D̂ (41)

then the L2-induced gain from d to e is less than γ for any δ(t) ∈ F�

and for any input such that ‖d‖2
2 < c2.

The proof of theorems 3.3 and 3.4 is given in the Appendix.
The quasi-LPV model in Eq. (39) can be considered as the closed-

loop system obtained from the application of an NDI control law
on the uncertain, nonlinear equations of an aircraft. The parameter
δ(t) is an uncertain, time-varying parameter that is not measured as
opposed to the scheduling variable x, which is fully measured.

The results of theorems 3.3 and 3.4 imply that for a given amount
of uncertainty and for external inputs of bounded energy the energy
of the output will be less than a certain value. This is a local result
associated with a region in the state space that is guaranteed to
contain the state trajectory for the specific amount of uncertainty
and amount of energy in the reference input.

V. Analysis of an NDI Control Law for the F/A-18
Short-Period Dynamics

The short-period dynamics can be physically described by using
only the pitch-rate and angle-of-attack variables while the speed and
altitude are fairly constant.29 The short-period dynamics evolve on a
much faster timescale than the phugoid-mode dynamics (involving
speed and altitude). A quasi-LPV model approximating the F/A-
18 short-period dynamics is derived in Ref. 21 from a nonlinear,
aeroservoelastic F/A-18 model provided by QinetiQ30 and shown
next:

[
q̇

�α̇

]
=




0
1

Iyy
Mα(α)

1 + cos (α)

mV0
Zq(α)

cos (α)

mV0
Zα(α)




[
q

�α

]

+




1

Iyy
Mε(α)

cos (α)

mV0
Zε(α)


�ε (42)
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The symbols q and α represent the pitch rate and the angle of attack,
respectively, and ε is the elevator deflection. The symbols Iyy and m
are the moment of inertia and the mass of the aircraft, respectively.
The model is valid for an equilibrium point characterized by the
speed V0 and altitude h0. The signals �α = α − α0 and �ε = ε − ε0

represent large deviations from the equilibrium values α0 and ε0. An
NDI control law will be designed for the pitch-rate control of the air-
craft. The aerodynamic coefficients are not known precisely, and the
control law is derived based on the nominal quasi-LPV model. The
robust stability and robust performance of the closed-loop system
will be investigated under the presence of this parametric uncertainty
using the tests derived in the preceding section.

A. Representation of Uncertainty in Aerodynamic Coefficients
The terms Mα(α), . . . , Zε(α) are polynomial functions of α and

were obtained with a least-squares fitting on the raw data of the
aerodynamics look-up table.21 They give the amount of pitching
moment or force produced as a result of a change in either the pitch
rate, the angle of attack, or the elevator deflection. In this way it is
easier to quantify any uncertainty on the model by considering it as
uncertainty on the pitching moment and force caused by changes
in the state and input variables. The uncertainty will be represented
in the form of weighted, additive uncertainty on the aerodynamic
coefficients as shown here:

Mα(α)unc = Mα(α) + M̂αwMα
δMα

Mε(α)unc = Mε(α) + M̂εwMε
δMε

Zq(α)unc = Zq(α) + ẐqwZq δZq

Zα(α)unc = Zα(α) + ẐαwZα
δZα

Zε(α)unc = Zε(α) + ẐεwZε
δZε

(43)

The w are positive numbers that characterize the amount of un-
certainty, and the constant terms M̂α, . . . , Ẑα, Ẑε are the average
moment or force over the specific range of α defined as
M̂α = 0.5[maxα Mα(α) + minα Mα(α)]. The δ are uncertain func-
tions of time with the constraint that |δi (t)| ≤ 1. The choice for this
uncertainty representation is illustrated in Fig. 1 in the plot of the
coefficient Mε(α)unc. By varying wMε

, an uncertainty band is created

Fig. 1 Quantifying the uncertainty in the aerodynamic coefficient Mε(α).

in which the moment caused by the elevator deflection is allowed
to vary over the specific range of α. The uncertainty in the aerody-
namic coefficients is caused by measurement errors in wind-tunnel
tests, errors in fitting the raw aerodynamic data, and failure to model
unsteady aerodynamics effects and the dependence of the aerody-
namic coefficients on the speed. Both the unsteady aerodynamic
effects and the speed dependence of the aerodynamic coefficients at
high speeds justify the use of time-varying, uncertain parameters.
Equation (44) is the uncertain quasi-LPV model for the short-period
dynamics valid for large deviations about the trim condition char-
acterized by a speed V0 and altitude h0.[

q̇
�α̇

]
=




0
1

Iyy

[
Mα(α) + M̂αwMα

δMα

]

1 + cos (α)

mV0

[
Zq(α) + ẐqwZq δZq

] cos (α)

mV0

[
Zα(α) + ẐαwZα

δZα

]




×
[

q

�α

]
+




1

Iyy

[
Mε(α) + M̂εwMε

δMε

]
cos (α)

mV0

[
Zε(α) + ẐεwZε

δZε

]


�ε (44)

B. Control Design
The NDI control law for the pitch-rate control of the nominal,

quasi-LPV model is given by

�ε = [Mε(α)/Iyy]−1{v − [Mα(α)/Iyy]�α} (45)

The external signal v is the commanded pitch acceleration. Appli-
cation of Eq. (45) in Eq. (44) results in the equation of the inverted,
uncertain, quasi-LPV model

(
q̇

�α̇

)
= Ainv(α, δ)

(
q

�α

)
+ Binv(α, δ)v (46)

where δ= [δMα
δMε

δZq δZα
δZε

]T and Ainv(α, δ), Binv(α, δ) are
given, respectively, by
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


0
1

Iyy

[
M̂αwMα

δMα
− Mα(α)

Mε(α)
M̂εwMε

δMε

]

1 + cos α

mV0

[
Zq(α) + wZq δZq Ẑq

] cos α

mV0

{
Zα(α) + ẐαwZα

δZα
− Mα(α)

Mε(α)

[
Zε(α) + ẐεwZε

δZε

]}







1 + wMε
δMε

M̂ε

Mε(α)

Iyy cos α

mV0 Mε(α)

[
Zε(α) + ẐεwZε

δZε

]




For nominal conditions (δ= 0), the transfer function from the inputv
to the pitch rate q is an integrator. In that case the pitch-rate equation
does not depend on α. The �α dynamics are the zero dynamics, and
their stability is determined by the following equation:

�α̇ = (cos α/mV0){Zα(α) − [Zε(α)/Mε(α)]Mα(α)}�α (47)

It makes sense to apply the inversion technique only if the zero
dynamics are nominally stable and well behaved, because an outer-
loop controller that only uses measurement of the pitch rate will not
be able to stabilize these dynamics if they are unstable. Therefore
it is assumed that Eq. (47) has an asymptotically stable equilibrium
point α = α0. A necessary and sufficient condition for this to hold is

Zα(α0)Mε(α0) < Mα(α0)Zε(α0) (48)

Based on the assumption that the inversion is perfect, an outer-
loop controller presented next is designed to stabilize the integrator
response and achieve good handling qualities for the nominal, pitch-
rate response.

ẋk = Akxk + [
Bkq Bkqcom

] [
q

qcom

]
, xk ∈ R

nk

v = Ckxk + [
Dkq Dkqcom

] [
q

qcom

]
(49)

Substituting the controller equations in Eq. (46), the uncertain
closed-loop system equation is given by

ẋcl = Acl(α, δ)xcl + Bcl(α, δ)qcom, q = Cclxcl (50)

with the following applying:

Acl(α, δ) =
[

Ainv(α, δ) + [
Binv(α, δ)Dkq 02 × 1

]
Binv(α, δ)Ck[

Bkq 0nk × 1

]
Ak

]

Bcl(α, δ) =
[

Binv(α, δ)Dkqcom

Bkqcom

]

Ccl = [
1 0 01 × nk

]
, xcl = [

q �α xT
k

]T

Equation (50) is a quasi-LPV model representing the closed-loop
interconnection of the NDI control law with the uncertain, short-
period dynamics. It has a scheduling variable, which is the angle
of attack and an uncertain parameter vector δ that represents aero-
dynamic uncertainty. The angle of attack is a real, time-varying
parameter assumed to vary in α ∈ [−5 deg, 14 deg] and describes
the nonlinearity of the short-period mode.

C. Comparing the Robust Stability of Two NDI Control Laws
The robust stability of the undriven part of the quasi-LPV model in

Eqs. (50) will be examined when employing two NDI control laws
that differ only in their outer-loop control laws. One is based on
proportional control, v = ωq(qcom − q). The other is a proportional-
plus-integral controller (PI),

v = ωqqcom − 2ωqq + ω2
q

∫ t

0

(qcom − q) dt

The proportional control relies on the perfect inversion of the NDI
controller, whereas the PI controller has an explicit integrator to
account for any mismatch in the inversion as a result of uncertainties.
The gain ωq is chosen so that the nominal input-output response is
q(s)/qcom(s) = 5/(s + 5) in both cases. The input-output response
is first order even with the explicit integrator of the PI controller as
a result of the feed-forward term in the controller from qcom. The
robust stability problem is posed as a maximization of the area of the
ellipsoid that is contained in the region of attraction over the given
range of α and for a given amount of uncertainty in the aerodynamic
coefficients.

The robust stability tests are performed at the trim point char-
acterised by V0 = 150 m/s and sea-level altitude. Figure 2 shows
the maximum area ellipsoids that are contained in the region of
attraction for different uncertainty weights for the PI outer-loop
controller. It is assumed that the uncertainty weights are equal
(wMα

= wMε
= · · · = wZε

= w). The ellipsoids are obtained by solv-
ing the LMI problem,

min
P > 0

trace

{[
I2 02 × 1

]
P

[
I2

02 × 1

]}

Acl(α, δ)T P + P Acl(α, δ) < 0, ∀δ ∈∆0, ∀α ∈ [αmin, αmax]

E(P, 1) ⊂ [αmin, αmax]

The ellipsoids are contained in the domain over which the schedul-
ing variable is varying, and they become smaller as the amount of
uncertainty is increased, which means that the designer can guaran-
tee a smaller safety region of operation for the aircraft for increasing
uncertainty in the aerodynamic coefficients.

A comparison of the robust stability of the two NDI control laws
is attempted by plotting in Fig. 3 the area of the ellipsoids as a
function of the amount of parametric uncertainty for each control
law. With the PI controller a larger region of attraction is guaranteed
for small amounts of uncertainty, suggesting that the presence of the
integrator in the outer-loop controller is beneficial.

D. Assessing the Robust Performance of the Proportional
NDI Control Law

The methodology used for the robust performance test is the
one proposed in Sec. IV, and when it is applied to the quasi-
LPV model of Eq. (50) it translates to the following: given the
amount of uncertainty in the aerodynamic force and moment
(wMα

= wMε
= · · · = wZε

= w), for increasing �α calculate the
maximum L2 norm of the commanded pitch rate qcom that is guar-
anteed to keep the angle of attack in its assumed range and for that
class of inputs calculate the L2-induced gain from qcom to q. The
attempt here is to evaluate the worst-case degradation in the L2-
induced gain from qcom to q from its nominal value (which is one)
under the presence of uncertainty and for bounded external inputs.

A solution of the LMI minimization problem of theorem 3.3 gives
a guarantee that for all uncertainties satisfying |δi (t)| ≤ 1, and all
reference inputs satisfying ‖qcom‖2

2 < c2, the angle of attack will
remain in the range [α0 − �α, α0 + �α], assuming that the aircraft
was initially flying at its equilibrium state. After the angle-of-attack
range is associated with the L2 norm of the reference input, the
LMI problem of theorem 3.4 is solved whose solution implies that
‖q‖2 < γ ‖qcom‖2 for the considered amount of uncertainty and for
all external inputs satisfying ‖qcom‖2

2 < c2.
The NDI control law with a proportional outer-loop controller

was tested for five different amounts of uncertainty. The results are
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Fig. 2 Comparison of ellipsoids contained in the attraction region for different uncertainty weights with the PI outer-loop controller.

Fig. 3 Comparison of robust stability of PI and proportional NDI con-
trol laws with respect to parametric uncertainty.

shown in Fig. 4. Figure 4a shows the guaranteed range of α for
external inputs satisfying ‖qcom‖2 < c for various amounts of un-
certainty. The dotted line corresponds to the nominal case (δ= 0)
and the nominal L2-induced gain is unity because for perfect in-
version the pitch-rate response is 5/(s + 5). Figure 4b shows the
bound on the induced L2 norm for the specific class of inputs and
the specific amount of uncertainty.

In the nominal case the performance of the NDI control law is
independent of the scheduling variable because the inducedL2 norm
is unity. This is expected because the NDI controller cancels exactly
the nonlinearities caused by the angle of attack on the pitch-rate
response. In the presence of uncertainty, the performance of the
control law degrades both with increasing amounts of uncertainty
and with increasing L2-norm inputs. The following two ways are
used to interpret the plots in Fig. 4:

1) Fixed uncertainty: When the L2 norm of the input is increased,
there is an increase in the guaranteed range over which α varies.
The upper bound on the L2-induced gain also increases for larger
deviations from the equilibrium α. Hence for a fixed amount of
uncertainty the performance is likely to degrade more for larger ex-

cursions from the equilibrium flight condition. We can only assess
the worst-case degradation of performance. For an example, con-
sider a fixed amount of uncertainty of w = 0.3. Looking at the top
figure on the line with the square markers, if the L2 norm of the in-
put is less than 0.1, the angle of attack will deviate by no more than
5 deg from its equilibrium value. Moving vertically downward to
the bottom figure, we see that ‖q‖2 < γ ‖qcom‖2 = 1.3 × 0.1 = 0.13.
If the L2 norm of the input is doubled to 0.2, the angle of attack will
deviate by no more than 10.5 deg, and the L2 norm of the output
will be less than 1.37 × 0.2 = 0.27. The degradation in performance
with respect to an increase in the L2 norm of the input is not severe
in this example (from 1.3 to 1.37), which suggests that the inversion
is working well for uncertainties up to w = 0.3. By saying “working
well,” we mean that similar performance is guaranteed over a large
range of the angle of attack, which is the main objective of an NDI
control law.

2) Fixed input energy: As the amount of uncertainty increases,
there is an increase in the guaranteed region over which α varies.
This implies a performance degradation because it is desirable to
associate a fixed L2-norm input with the smallest possible range of
α. Furthermore, the bound on the L2-induced gain also increases
with increasing uncertainty.

E. Model Matching Test for Comparing the Performance
of NDI Control Laws

The main reason for using NDI in flight control is to achieve a
desired, input-output response over the whole of the flight envelope,
that is, over large variations in the scheduling variables. It is pro-
posed to examine how the achieved, input-output response deviates
from the desired one under the same external excitation and in the
presence of uncertainty by using the interconnection in Fig. 5. The
energy of the weighted error signal ew gives an indication of how
well the NDI controller can achieve the desired responses for a given
energy of the reference signals. The robust performance of the two
outer-loop controllers will be compared using the L2-induced gain
from qcom to ew; hence, the robust performance test is applied on a
state-space representation of the interconnection in Fig. 5. The test
is performed for a fixed amount of uncertainty in the aerodynamic
coefficients of w = 0.3 for both controllers. The desired pitch-rate
response is given by 5/(s + 5), which is the one achieved under
perfect inversion. The error weight is a low-pass filter with cutoff
frequency of 7 rad/s, which suggests that we are mainly interested
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a)

b)

Fig. 4 Results from the performance analysis of the short-period, quasi-LPV model with NDI and a proportional outer-loop controller.

Fig. 5 Interconnection used for comparing the robust performance of
NDI control laws.

in the low-frequency error between the two responses. To present
the results in a more compact manner, it is proposed to suppress
the range of α information and present the plot of the upper bound
on the L2-induced gain directly as a function of the L2 norm of the
reference input as shown in Fig. 6.

The performance of the PI NDI controller is likely to be better
(and will not be worse) than that of the proportional NDI controller
because the L2 norm of the weighted error is smaller than that of the

Fig. 6 Comparison of robust performance of two NDI controllers for
the same time-varying, parametric uncertainty of w = 0.3.
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proportional NDI controller over reference inputs of approximately
the same L2 norm.

Furthermore, the variability in performance of the PI controller
with respect to the L2 norm of the reference input is not going
to be worse than that of the proportional controller. The presence
of the explicit integrator in the PI NDI controller provides better
tracking of the pitch-rate references in the presence of parametric
uncertainty. The proportional NDI controller cannot cope as well
with parametric uncertainty because the mismatch in the inversion
destroys the inner-loop integrator response.

VI. Conclusions
Valid and interpretable robust stability and robust performance

tests that facilitate the evaluation and comparison of different
nonlinear-dynamic-inversion (NDI) control laws without making
any simplifications regarding the nonlinear nature of the control
laws are derived. The tests provide local stability and performance
guarantees because they consider the scheduling variables as part
of the state vector of the quasi-linear-parameter-varying model. The
robust stability result is interpreted using a subset of the region of
attraction of the equilibrium point. The robust performance result
is presented using an upper bound on the L2-induced gain from a
reference input of bounded energy to a performance output. The en-
ergy of the reference input is related to an ellipsoidal region about
the equilibrium point where the scheduling variables are guaran-
teed to lie. The comparison of two different NDI control laws was
performed using the model matching criterion. It was demonstrated
that an NDI control law with explicit integral action attains bet-
ter performance than an NDI control law with simple, proportional
action.

Appendix: Proofs of Theorems 3.3 and 3.4
Proof of Theorem 3.3

Proof :
1) The LMI condition (40) implies that

AT (x, δ)P + P A(x, δ) < 0, ∀δ ∈ ∆, ∀x ∈ D̂ (A1)

Because ∆ and D̂ are compact sets and A depends continuously on
x and δ, it is true that

xT (t)[AT (x(t), δ(t))P + P A(x(t), δ(t))]x(t) < 0 (A2)

for any δ(t) ∈ F� and for any trajectory x(t) ∈ D̂ of the au-
tonomous, quasi-LPV model. This implies that V (x) = xT Px is a
valid, quadratic Lyapunov function for the autonomous, quasi-LPV
model over the domain D̂, and the level surface E(P, c) is a subset
of the region of attraction of the equilibrium point x = 0, if it is
included in D̂. This is satisfied by the condition E(P, c) ⊂ D̂.

2) The LMI condition (40) implies that

[
x

d

]T [
AT (x, δ(t))P + P A(x, δ(t)) P B(x, δ(t))

BT (x, δ(t))P −I

][
x

d

]
< 0

(A3)

for any δ(t) ∈ F� and any trajectory x(t) of Eq. (39) that lies in D̂.
Given that V (x) = xT Px, the preceding is equivalent to

V̇ (x) < dT d (A4)

for any δ(t) ∈ F� and any trajectory x(t) of Eq. (39) that lies in D̂.
Integrating from 0 to t (0 < t ≤ T ),∫ t

0

V̇ (x) dt <

∫ t

0

dT d dt ⇒ V (x(t)) − V (x(0))

<

∫ t

0

dT d dt <

∫ T

0

dT d dt < ‖d‖2
2

⇒ x(t)T Px(t) < c2 for 0 < t ≤ T (A5)

given that x(0) = 0 and ‖d‖2
2 < c2. This means that up to a time t = T

the state lies in the ellipsoid xT Px = c2 if the assumption x(t) ∈ D̂ is
valid. This is indeed the case if the ellipsoid is a subset of D̂, which
is satisfied by the condition E(P, c) ⊂ D̂. �

Proof of Theorem 3.4
To prove theorem 3.4, we use a modified version of lemma 2.8

from Ref. 26, which is presented next.
Lemma 4.1 [lemma 2.8 in Ref. 26]: Given that the LPV system in

Eq. (21) is quadratically stable, then for d ∈L2, any x(0) ∈ R
n , and

any ρ(t) ∈ FP ,

lim
t → ∞

x(t) = 0 (A6)

The modification amounts to restricting the applicability of the pre-
ceding lemma in a region about the equilibrium point x = 0 of the
uncertain, quasi-LPV model in Eq. (39), that is, not for inputs of
arbitrary energy but for inputs that satisfy ‖d‖2

2 < c2.
Lemma 4.2: Suppose that the uncertain, quasi-LPV model in

Eq. (39) is quadratically stable over the ellipsoid E(P, c). Given
that for any δ(t) ∈ F� and for any input such that ‖d‖2

2 < c2, the
state trajectory starting from x(0) = 0 will remain in the ellipsoid
E(P, c); it is guaranteed that

lim
t → ∞

x(t) = 0 (A7)

The proof of theorem 3.4 is presented next.
Proof: The LMI condition (41) is equivalent to the existence of a

quadratic Lyapunov function V (x) = xT Px that satisfies

V̇ (x) + eT e − γ 2dT d < 0, ∀x, e (A8)

which satisfy the equation of the uncertain, quasi-LPV model with
x(0) = 0, δ(t) ∈ F�, and ‖d‖2

2 < c2. It was proven in theorem 3.3 that
under those conditions the trajectory of the system will remain in
the ellipsoid E(P, c) and that the ellipsoid is a subset of the region
of attraction of the equilibrium point. Using the result of lemma
4.2, we know that as t → ∞ the state trajectory will tend to zero.
Integrating Eq. (58) from t = 0 to ∞, we have∫ ∞

0

V̇ (x) dt +
∫ ∞

0

eT e dt − γ 2

∫ ∞

0

dT d dt

< 0 ⇒ ‖e‖2
2 < γ 2‖d‖2

2 (A9)

�
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